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The authors have been studying the mechanical properties of granulated coal ash formed by the milling process with a small amount
of cement added, with particles almost equivalent in size to sand or ﬁne gravel. The use of granulated coal ash has many advantages,
such as the suppression of leaching of heavy metals and the possibility of outdoor curing. In addition, since granulated coal ash is
produced artiﬁcially, their particle strength can be understood easily. Another advantage is that it is possible to control the particle
strength, something which cannot be performed in natural sands. The present research was carried out in order to investigate the
possibility of putting such advantages to good use.
Single particle crushing tests were carried out on various kinds of granulated coal ash to evaluate the crushing characteristics of each
individual grain. Also, the characteristics of the individual particle, such as shape, were investigated. Next, one-dimensional compression
tests were conducted to investigate their compression characteristics. Finally, drained monotonic triaxial compression tests were
performed under different conﬁning pressures. The effects of the conﬁning pressure on the shear characteristics, as well as their relation
to shear strength, were examined with the single particle crushing strength taken into account.
Contrary to observations in natural sands, the single particle crushing strength of granulated coal ash did not depend on particle size.
Regarding compression characteristics, granulated coal ash compressed very easily because the crushing strength of a single particle was
low. Therefore, the yield stress of granulated coal ash was found to be smaller than that of natural sands. Moreover, the crushing
strength affected the shear characteristics, i.e., as the crushing strength increased, the shear stiffness became higher and the compressive
volumetric strain became smaller. Therefore, crushing strength can be a useful parameter in evaluating the shear characteristic of
granulated coal ash.
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In recent years, the challenges regarding the depletion of
natural geomaterials and the effective use of renewable
resources have become a social responsibility. Therefore,
the use of by-products as geomaterials should be exam-
ined. In Japan, based on a law to ‘‘promote usage of
renewable resources’’ (Resources Recycling Law) which
was enforced in 1991, ash generated by coal burning
thermal power plants is speciﬁed as a by-product of the
electricity industry, and, as such, there is a duty to promote
Table 1
Composition, machine type and curing conditions.
Sample Composition (%) Type of machine Curing
condition
Coal
ash
Cement Kiln
dust
A 85 5 10 Model
equipment
Natural dry
B 80 10 10
C 85 5 10 Actual
equipment
w¼40–50%
D 85 5 10
N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334322its effective usage. During the 2008 ﬁnancial year, 10.19
million tons of coal ash was generated, and this quantity is
increasing year by year. At present, about 98% of coal ash
is effectively used in cement and general civil engineering
works. Since large quantities can be utilised in these
applications, it is considered that civil engineering usage
should absorb the predicted increase in coal ash utilisation.
Studies into the application of coal ash to geotechnical
engineering have been done by many researchers, such as
Horiuchi et al. (1992, 1995), Kawasaki et al. (1992), and
Sawa et al. (2002). The authors have been studying the
mechanical properties of granulated coal ash formed by a
milling process with a small amount of cement added,
which have a particle size almost equivalent to that of sand
or ﬁne gravel (Yoshimoto et al., 2005, 2006a, 2006b, 2007,
2008). The use of granulated coal ash has many advan-
tages, such as the suppression of leaching of heavy metals
and the possibility of outdoor curing. In addition, since
granulated coal ashes are produced artiﬁcially, the particle
strength is easily assessed and can even be controlled,
which is not possible in natural sands. The present research
was carried out in order to investigate the possibility of
putting such advantages to good use.
In this study, single particle crushing tests were carried
out on various kinds of granulated coal ash to evaluate the
crushing characteristics of each individual grain. In addi-
tion, one-dimensional compression tests were conducted
on granulated coal ash to investigate its compression
characteristics. Then, drained monotonic triaxial compres-
sion tests were performed on granulated coal ash speci-
mens under different conﬁning pressures. The effects of
conﬁning pressure on the shear characteristics, as well as
its relation to shear strength, were examined with the single
particle crushing strength taken into account.
Sample properties
Granulated coal ash is a material that is modiﬁed by
adding cement, water, and kiln dust to the coal ash, and
the mixture is granulated by mixing and rotating. The
additive used was kiln dust, which is ejection dust from the
process of the cement raw material mixture. The composi-
tion, machine type and curing conditions of various
granulated coal ashes are shown in Table 1. In this
research, four kinds of sand-size granulated coal ash were
used. The composition of the coal ash and cement
additives differed between Granulated Coal Ash A and B
(herein referred to as G.C.A. A and G.C.A. B, respec-
tively). After manufacturing them using a model-type
motor mixer with capacity of 0.45 m3, they were cured in
the laboratory under natural dry conditions. On the other
hand, samples G.C.A. C and D were manufactured using a
real-size motor mixer with 10.0 m3 capacity, after which
they were cured outside in a stockyard at a water content
of w¼40–50%. Note that the composition of G.C.A. C
was the same as that of G.C.A. A, but was manufactured
using a different method. Moreover, G.C.A. C and G.C.A.D were similar, except for the kind of coal ash used. Only
G.C.A. B had high cement content (10%).
Table 2 shows the physical properties of the four samples
used, as well as those of various natural sands. In the table,
rs is the particle density (i.e., the apparent density), emax
and emin are the maximum and minimum void ratios,
respectively, d50 is the mean particle size, Uc is the
coefﬁcient of uniformity, and Rc and Ar are parameters
which reﬂect the particle shape, as discussed later. Because
laboratory tests were to be used to evaluate the character-
istics, the samples were prepared taking into account the
constraints of element testing. Gravel sizes of 2 mm or
more were removed and the grain size distribution adjusted.
Note from the table that the speciﬁc gravity of the particles
of granulated coal ash was very low compared to natural
sands because of the presence of air vesicles in individual
grains. In particular, the maximum and minimum void
ratios of granulated coal ash, determined using methods
speciﬁed in the Japanese Geotechnical Society (JGS)
standards, were found to be very large compared to those
of Toyoura sand. The particle size distribution curves
depicted in Fig. 1 show similar curves for granulated coal
ashes and decomposed granite soils (P.I. Masado and U-
Masado), which contain about 10–20% ﬁnes and are well-
graded with a high coefﬁcient of uniformity. The grain size
distribution of granulated coal ash was adjusted to mimic
that of Masado. It is worth noting that granulated coal ash
with various particle size distributions can be obtained by
changing the manufacturing process, such as adjustment of
composition, amount of water, mixing time, etc.
Particle characteristics
Particle shape
Granulated coal ashes have a round particle shape
because they are manufactured using a motor mixer. To
investigate this in detail, micrographs were taken of
individual particles. These were then mapped to
640 480 pixel images, with each particle magniﬁed to
form an image approximately 400 400 pixels in size (see
Photo 1). The size of the targeted particle corresponded to
the mean particle size d50 of each sample obtained by
sieving based on JIS. Yoshimura and Ogawa (1993)
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Fig. 1. Grain size distribution curves.
Photo 1. Photography of granulated coal ash.
Table 2
Physical properties of materials.
Sample rs (g/cm
3) emax emin d50 (mm) Uc Ar Rc
G.C.A. A 2.349 2.544 1.916 0.385 4.62 1.381 1.293
G.C.A. B 2.364 2.679 1.968 0.467 3.82 1.340 1.352
G.C.A. C 2.412 2.222 1.522 0.561 10.1 1.318 1.240
G.C.A. D 2.285 2.280 1.512 0.368 14.8 1.249 1.287
U-Masado 2.587 1.353 0.811 0.509 1.10 1.445 1.251
P.I. Masado 2.624 0.967 0.491 0.546 7.00 1.412 1.248
Shirasu 2.307 1.494 0.775 0.175 11.8 1.537 1.347
Silica14–1.7 2.639 0.881 0.632 1.550 1.10 1.190 1.150
Silica0.18–2.0 2.655 0.936 0.588 0.736 2.20 1.281 1.159
Toyoura 2.643 0.973 0.635 0.200 1.20 1.454 1.203
Aio sand 2.633 0.958 0.582 0.400 2.74 1.557 1.274
Chiibishi 2.821 1.574 0.983 0.613 2.40 1.834 1.500
Wakasa 2.65 1.105 0.680 0.311 1.506 1.272
Iwakuni clay 2.61 – – 0.007 – –
Shirasu (F.C.¼10%) 2.38 1.459 0.799 0.323 1.657 1.402
Coal Ash F 2.153 – – 0.016 4.21 – –
S-Masado 2.664 1.144 0.583 0.552 11.1 1.473 1.311
M-Masado 2.620 0.973 0.635 0.847 6.00 1.269 1.172
N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334 323suggested extracting one particle from about 20 particles at
random to best represent the features of the sample. Based
on this, the number of observed particles was adjusted to
20–30 per sample. There are various indices to express
particle shape; in this study, roundness coefﬁcient, Rc, and
aspect ratio, Ar, were adopted as proposed by Kato et al.
(2001a, 2001b). The roundness coefﬁcient was deﬁned as
Rc ¼
L2
4pA
ð1Þ
where L is the perimeter measured on plan images of
particles arranged in their most stable position and A is the
cross-sectional area of the same image. Computer analysis
was carried out on the pixel image in order to determine
the perimeter L. The roundness coefﬁcient is the reciprocal
of FU deﬁned by Yoshimura and Ogawa (1993). Thiscoefﬁcient is equal to unity for a perfectly spherical particle
and becomes 41 with increasing particle roughness. On
the other hand, aspect ratio is deﬁned as
Ar ¼ b
a
ð2Þ
where a and b are widths of the particle along the minor
and major axes, respectively.
Fig. 2 is a particle shape diagram showing the relation
between roundness coefﬁcient and aspect ratio for the 4
granulated coal ash samples (G.C.A. A–D). For compar-
ison purposes, the data for other natural sands are also
plotted. In the ﬁgure, Ar¼1 represents a sphere with a¼b,
while Rc¼1 is for a perfectly smooth sphere. An increasing
value of Rc, with Ar set to 1, indicates a spherical particle
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Fig. 2. Relationship between roundness coefﬁcient Rc and aspect ratio Ar.
Table 3
Conditions for granulated coal ashes used for tests.
Sample A B C D
Curing days (days) 100 45 217 194
140 100 512 –
425 370 – –
– 904 – –
Particle size (mm) d50 0.454 0.536 0.718 0.704
d60 0.949 0.916 0.846 –
d80 1.843 1.829 1.185 –
Control method Constant displacement rate (0.1 mm/min)
N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334324with increasing particle roughness. A lower bound line is
drawn on this ﬁgure to represent perfectly smooth ellipses.
From this line, it is clear that roundness coefﬁcient repre-
sents not only the degree of complexity of surface shape but
also the degree of ﬂatness of particle. It can be observed
from the ﬁgure that the data points for natural sands are
mainly distributed within a narrow range bounded by the
dashed lines, with the aspect ratio showing a tendency to
decrease with decreasing roundness coefﬁcient. On the other
hand, the aspect ratio of granulated coal ash is distributed
between 1.2 and 1.4, near the values for silica sand.
However, the roundness coefﬁcients are distributed between
1.2 and 1.4, which are larger than silica sand. In other words,
the particles of granulated coal ash are more spherical than
most natural sands, but they have a rougher surface. This is
because they are produced artiﬁcially, with the ﬁne coal
ashes combined together and then granulated, resulting in a
rough surface. The exterior of granulated coal ash particles
looks like a raspberry (see Photo 1).
Next, the inﬂuence of particle shape on the void ratio
was investigated. Fig. 3 shows the range of possible void
ratios (emax–emin) plotted against the roundness coefﬁcient
for both granulated coal ash and natural sands. From the
plots, it can be seen that there is a tendency for both the
minimum and maximum void ratios of natural sands to
increase with increasing roughness. Similar tendencies were
also obtained for granulated coal ash. Kato et al. (2002)
explained that if sand particles were loosely piled, the
roughness of the surface may affect the particle movement
and sand particles of a more complex shape would form
more stable initial structures.
Single particle crushing strength
Single particle crushing tests were performed by placing
a particle on the lower plate of the apparatus in the most
stable direction and then moving the upper plate at aconstant rate of displacement to crush the particle (Kato
et al., 2001b; Nakata et al., 2001). The conditions were
similar to an unconﬁned compression test, with the vertical
load being applied using an AC servo motor, and the
displacement rate held constant. Since the plates were ﬂat,
the loads during a test were applied at essentially two points
in the vertical direction. The force and displacement were
measured during a test using, respectively, a load cell with a
measuring capacity of 4.91 102 N and a resolution of
9.81 103 N, and a non-contact type displacement trans-
ducer with measuring capacity of 2.00 mm and a resolution
of 1.00 103 mm. A displacement rate of 0.1 mm/min was
applied in all the tests. Single particle crushing tests were
carried out on particles of each granulated coal ash sample
with sizes d50, d60 and d80. Note that since the coal ash was
mixed with cement additives during the granulation process,
it was necessary to investigate the effect of curing time on
particle strength. Moreover, for comparison purposes with
the results for natural sands, the particle size was changed.
For each condition, about 20–30 individual grains were
examined. Table 3 shows the conditions for the granulated
coal ash used in the tests.
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N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334 325Fig. 4 shows the plot of mean crushing strength against
particle size. The ﬁgure shows the data for the granulated coal
ash (A–D) and, for comparison purposes, those for natural
sands. Single particle crushing strength is the average of the
crushing strengths obtained from tests on 20–30 individual
grains. Crushing strength, sf, is deﬁned as in Eq. (3).
sf ¼
Ff
d20
ð3Þ
where Ff is the maximum load and d0 is the initial height
of particle (i.e., initial particle diameter).
It is known that for natural sands under the same
conditions, a smaller particle has a higher crushing
strength, and a regression line drawn through the data
on a log–log scale has a slope of 0.79 (Nakata et al.,
2001; Kato et al., 2002). According to Fukumoto and
Hara (1998), smaller grains have a higher mean crushing
strength because they are formed by the breakage at the
boundary between different minerals until they are com-
posed of a single mineral, which has a strong, homoge-
neous internal structure. Such grain size dependency of
strength observed in natural sands was not seen in
granulated coal ash. This is believed to be due to the
calcium silicate hydrate being uniformly present within the
particle and the internal structure being homogeneous.
Comparing the mean crushing strengths of granulated coal
ash, it was found that G.C.A. B with the highest cement
content had higher strengths than G.C.A. A. Looking at the
results for G.C.A. C and D, which had the same cement
content as G.C.A. A but were manufactured in a different
way, it appeared that G.C.A. C had the same strength as B,
but G.C.A. D had a lower strength than A. Next, comparing
G.C.A. C and D, even though the composition and manu-
facturing methods were similar, the mean crushing strengths
were different. This is because G.C.A. D was subjected to 200
days of curing time while C was cured for 500 days. That is,
even though other factors besides the curing times need to betaken into consideration, the different mean crushing
strengths appear to be dependent on the curing time.
For granulated coal ash, the crushing strength is
expected to change with the curing time as a result of the
hardening reaction of cement and the self-hardening of
coal ashes. Therefore, it is necessary to examine the change
in crushing strength as a function of curing time. Fig. 5
shows the relation between single particle crushing
strength and the curing time of granulated coal ash (as
G.C.A. A–D). By examining the data for G.C.A. A and
G.C.A. B, it can be seen from the ﬁgure that although the
mean crushing strengths did not change much when the
curing time was about 100 days, there was signiﬁcant
increase in strength after 400 days. For G.C.A. B, the
mean crushing strength almost quadrupled after 900 days.
Looking at the results for G.C.A. C and D which had the
same cement content as A, both showed crushing strengths
similar to B rather than to A after 200 days of curing time.
Beyond this curing time, however, G.C.A. C did not show
a signiﬁcant increase, with its strength being much lower
than that of B. Such differences in crushing strengths are
due to many factors, such as differences in manufacturing
equipment used and curing conditions, and therefore it is
difﬁcult to make a sweeping generalisation of the effects.
Nevertheless, for G.C.A. C and D whose composition and
manufacturing methods were the same, it can be said that
the difference in their crushing strengths with curing time is
due to the variation in the chemical characteristics (i.e.,
CaO contents) between the two types of coal ash, with
G.C.A. C having higher calcium oxide content.
Compression characteristics
Test condition and method
One-dimensional compression tests were carried out at a
constant deformation rate of 0.1 mm/min on specimens
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to examine the inﬂuence of the loading method, another
procedure (i.e., JIS A 1217—Test method for one-dimen-
sional consolidation properties of soils using incremental
loading) was examined. The test specimens were prepared
by air-pluviating granulated coal ash into a mould after
which gentle tapping was applied until the target relative
density (45% and 100%) was achieved. Both load and
deformation were recorded automatically via a computer.
Deformation behaviour and yield stress
Research on the one-dimensional compression charac-
teristics of sand was initiated by Terzaghi and Peck (1948)
and has continued up to the present time. As a result,
much has been learned about the transformation point in
compression curves, referred to as compressive yield stress
where particles break, as well as the void ratio correspond-
ing to the yield stress.
In general, the yield stress is determined graphically using
the methods such as those proposed by Casagrande, Mikasa,
etc. However, because of factors such as human error and the
crushing of particles, it is sometimes difﬁcult to determine the
yield stress in a smooth compression curve. Kato et al. (2002)
arranged the relations between the vertical stress correspond-
ing to the given value of compression index (Cc
0 ¼0.1, 0.2, 0.3,
0.4, maximum value) and the yield stress determined using
the Casagrande method. From the results, the type of
material and density was found to have no effect, and the
vertical stress corresponding to a given value of compression
index (Cc
0 ¼0.3) was almost the same as the yield stress
determined by the Casagrande method. In addition, they
deﬁned the vertical stress at Cc
0 ¼0.3 as the one-dimensional
compression yield stress ðsvÞC0c ¼ 0:3. Moreover, they deﬁned
the vertical stress at Cc
0 ¼0.1 as ðsvÞC0c ¼ 0:1 when particle
crushing starts. This idea was applied in this study. The
compression index, Cc
0, is deﬁned as
C0c ¼
De
D logsv
ð4Þ
Fig. 6 shows the change in the void ratio due to the
increase in vertical stress for granulated coal ash B at two
levels of density (Dr¼45, 100%). It can be observed that
the yield stress decreased with increase in initial void ratio,
consistent with the results found by many other research-
ers, e.g. Hagerty et al. (1993), Pestana and Whittle (1995)
and Nakata et al. (2001). Additionally, Nakata et al.
(2001) reported that the e-log sv curve bends gradually as
the initial void ratio increases. The results conﬁrmed that
granulated coal ash also showed results which are similar
to those for natural sands.
Fig. 7 shows the e-log sv curves for samples of three
types of granulated coal ash (A and B) with an initial
relative density of 100%. The compression curves look
similar for the two samples, both appearing to suddenly
bend at an angle. However, the yield stress of G.C.A. A is
about 0.1 MPa, smaller than that of G.C.A. B.The curvature of the e-log sv curve becomes more
marked for the material composed of particles of a single
grain diameter and uniform shape. This is because a lot of
particles crush at the same time when reaching a certain
stress state. It is known that the e-log sv curve becomes less
curved (Nakata et al., 2000) for well-graded materials with
rough particles. This is because the particle asperities and
the small particles crush gradually at a low stresses.
It is thought that the e-log sv curve for granulated coal
ashes shows intermediate behaviour because they are well-
graded and have round and uniform-shaped particles.
However, at low stress levels, the void ratio did not
change. In fact, the e-log sv curve bends rapidly from a
certain stress level. It is thought that crushing is initiated
for all particles together from a certain stress level because
the particle strength of granulated coal ash does not
depend on size.
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N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334 327Next, a one-dimensional compression test using incre-
mental loading was carried out on G.C.A. B. The e-log sv
compression curves obtained from the tests are shown in
Fig. 8. Also shown in the ﬁgure are the test results from
using a constant rate of strain loading on specimens with
the same initial relative density. Because both results show
almost the same curve, it is clear that the loading method
does not have any effect on the compression curve. In
Fig. 9, not only the settlement curves for granulated coal
ash but also those for Onoda clay are shown. It can be
observed that the deformation of granulated coal ash
rapidly ﬁnished in a short time, which is in contrast to
the slow deformation of Onoda clay over a long period of
time. From the results, granulated coal ash appears to
deform instantaneously, i.e., a large amount of deforma-
tion within a short period of time.1.0
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Fig. 8. e-log sv curves for different loading methods.In order to evaluate the compressibility of granulated
coal ash, its compression curves were compared with those
of natural sands. Fig. 10 shows the change in void ratio
with the increase in vertical stress for G.C.A. A and B,
together with those of natural sands like Masado, Toyoura
sand, Shirasu and Silica0.18–2.0, all with relative density
Dr¼100%. The curves for granulated coal ash do not
intersect those of natural sands because of the large initial
void ratios of granulated coal ash. However, although the
stress regions are different, similar behaviour where a clear
yield stress is evident is shown in both G.C.A. and
natural sands.
Nakata et al. (2001) showed that the compression
curvature of natural sands increases suddenly as particle
crushing becomes more marked. Based on this observa-
tion, it seems that particle crushing in granulated coal ash
also becomes signiﬁcant in the vicinity of the yield stress.
The stress region is different in natural sands and in
granulated coal ash because the single particle crushing
strengths of granulated coal ash are smaller than those of
natural sands. Therefore, particle crushing in granulated
coal ash starts at a low stress level and the void ratio
becomes smaller. Note that the particle crushing strength
of granulated coal ash is much lower than that of so-called
crushable soils, such as Masado and Shirasu. For crush-
able geomaterials composed of weak particles, the particle
crushing strength inﬂuences the behaviour of the specimen.
Therefore, there are some relations between single particle
crushing characteristics and one-dimensional compression
characteristics.
Relation between yield stress and single particle strength
The relationships between single particle crushing
strength and one-dimensional compression yield stress
for G.C.A. A and B are shown in Fig. 11 for relative
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sands are also plotted in the same ﬁgure. Irrespective of
whether the sample is granulated coal ash or natural sand,
an increasing linear trend is obtained, indicating that the
one-dimensional compression yield stress can be predicted
from the single particle crushing strength. Since granulated
coal ash has low single particle crushing strengths, it can be
said that its yield stress is lower than that of natural sand.
Accordingly, it was conﬁrmed that information from a
single particle crushing test could serve as an effective
index to investigate the compression characteristics of
granulated coal ash.
Shear characteristics
Test conditions and method
Triaxial compression tests were carried out on granu-
lated coal ash under the consolidated drained condition.
To prepare the test specimens, the granulated coal ash was
water-pluviated into a mould which was then gently
tapped until a relative density of 50 or 70% was achieved.
The specimens were then isotropically consolidated at 50,
100, 200, 300, and 400 kPa. Subsequently, each specimen
was sheared under drained condition at an axial strain rate
of 0.1%/min until the critical state was reached. Note that
because of the presence of voids from the surface to the
particle interior, it was not easy to completely saturate
granulated coal ash. For this purpose, saturated specimens
were made using de-aired granulated coal ash, i.e., granu-
lated coal ash was soaked in de-aired water and then
placed in a vacuum tank for three or four days.
Deformation characteristics
Fig. 12(a)–(e) shows the stress ratio and volumetric
strain plots against axial strain for various types ofgranulated coal ash. From these ﬁgures, it is seen that
the shear behaviour of granulated coal ash is inﬂuenced by
the conﬁning pressure. The initial slope of the stress ratio–
axial strain curve becomes gentler with the accompanying
rise in conﬁning pressure. Granulated coal ash had a much
greater range of peak stress ratio Zpeak depending on the
conﬁning stress, with a marked decrease in peak stress
ratio Zpeak as sc0 increased. The material was dilative at
50 kPa and only became compressive at sc0Z100 kPa, with
large compressive strains occurring at sc0 ¼400 kPa. The
residual stress ratio shows a constant value, and is not
inﬂuenced by the conﬁning pressure. In G.C.A. B and C,
the tests were conducted using two levels of relative density
(Dr¼50, 70%). It is observed that for granulated coal ash,
as well as in the case of natural sands, a high relative
density shows a high peak stress ratio. Such results are
similar to the results obtained by Lee and Seed (1967),
Vesic and Clough (1968), Been and Jefferies (1985) and
Bolton (1986), indicating that granulated coal ash also
exhibits features similar to those of natural sands.
A comparison of the previous ﬁgures with Fig. 12(f)
indicates the shear behaviour of granulated coal ashes
occurs at a low and narrow stress region while that of
natural sands occurs in a wide stress region. Noting that
the particle strength of granulated coal ash is low, and
based on previous results obtained on particle crushing of
sands (Nakata et al., 1999), such behaviour can be
assumed to the result of particle crushing.
Fig. 13 shows the change in void ratio during drained
shearing for G.C.A. B. The beginning of drained shearing is
shown with open symbols, while the end of shearing is
shown with solid symbols. For test results with sc0 ¼0.05
MPa, the behaviour seemed to change from contractive to
dilative without ﬁnally reaching the dilative side. The ﬁgure
indicates that this was a highly compressive material
because the void ratio change was contractive from the
beginning. From the stress ratio and strain relations shown
in Fig. 12, the volumetric strains in all tests hardly changed
after the axial strains reached 25%, indicating the specimens
had reached a critical state. Therefore, the solid symbols
were assumed to show the critical state condition. By
connecting these points, the critical state line can be deﬁned.
In the present study, although the data points are scattered
for tests with sc0o0.1 MPa, the critical state line of
granulated coal ash can be approximated by a straight line.
Next, the state parameter C deﬁned by Been and
Jefferies (1985) as
C¼ enclecsl ð5Þ
was examined, where encl is the void ratio on the e-log p
0
curve (isotropic consolidation curve), while ecsl is the void
ratio on the critical state line. When the volume change
shows dilative behaviour, the state parameter is negative
and it has a positive value during contractive behaviour.
Been and Jefferies (1985) compared the strength obtained
from shear tests with the state parameter and they showed
that it was an effective index for showing in a uniﬁed manner
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N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334330the state of a granular material like sand. The relationship
between f0peak–f0res and state parameterC for granulated coal
ash is presented in Fig. 14. The parameter f0peak–f0res shows
the difference between the secant angle at the peak f0peak¼
sin1((s01peaks03)/(s01peakþs03)) and secant angle at the
residual state f0res ¼sin1((s01ress30)/(s01resþs03)). Curves
based on test results of Been and Jefferies (1985) are also
shown in the ﬁgure. When the state parameter is positive,
f0peak–f0res for granulated coal ash indicates a value that is
larger than the results of Been and Jefferies (1985) but near
the lower bound value. On the other hand, the results are
within the range of values of Been and Jefferies (1985) when
the state parameter is negative. In other words, compared
with the result of sand, f0peak–f0res for granulated coal ash has
little dependence on C.
To examine the change in peak strength of granulated
coal ash in detail, Fig. 15 shows the relations between thepeak stress ratio and the corresponding mean effective
principal stress. Clearly, the peak stress ratio decreases as
the mean effective principal stress increases. Moreover, the
relationship between residual stress ratio and mean effective
principal stress at the peak stress ratio is shown in Fig. 16.
The residual stress ratio was not affected by the mean
effective principal stress in any case, and instead maintains
an almost constant value. These values seem to depend on
the type of granulated coal ash, with very similar values for
G.C.A. B and D, and values a little higher for G.C.A. C.
Strength characteristics
Several experimental results have shown that the peak
friction angle f0peak of sands increases with increasing
relative density Dr and decreases with increasing conﬁning
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Fig. 18. Relationship between Zpeak–Zcr and effective mean principal
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Table 4
Values of p0cr from this study.
p0cr (MPa)
Dr¼50% Dr¼70%
Granulated coal ash B 7.788 7.871
Granulated coal ash C 8.524 7.389
Granulated coal ash D 3.941 –
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Using experimental results for several sands, Bolton (1986)
showed that the combined effects of relative density and
conﬁning stress on the peak friction angle can be repre-
sented by a mathematical expression. Gutierrez (2003)
revised this expression using the peak stress ratio instead
of the peak friction angle. The expression relating the peak
stress ratio to the conﬁning pressure is formulated as
Zpeak ¼ ZcrþCDr ln
p
0
cr
p0
 
ð6Þ
where C is a material parameter, Dr is relative density, Zcr
is stress ratio at the critical state, and p0 is mean effective
principal stresses at peak stress ratio. The critical state is
deﬁned as the state at which a soil mass is continuously
deforming at constant volume, and constant effective
stresses. In addition, pcr
0 is the effective mean principal
stress when the peak stress ratio is equal to the stress ratio
at the critical state (shown in Fig. 17). For the sake of
convenience, the residual stress ratio and the critical stress
ratio were assumed to be the same in the present study, just
as many researchers have done in their studies.
The present test results were arranged based on Eq. (6).
To draw the ﬁgure representing the test results correspond-
ing to the said equation, Eq. (6) is rewritten as follows:
ZpeakZcr
Dr
¼C ln p
0
cr
p0
: ð7Þ
The relationship between Zpeak–Zcr and mean effective
principal stresses p0 at peak stress ratio is presented in
Fig. 18. Unlike the peak stress ratio which depends on the
mean effective principal stress, the residual stress ratio does
not. Thus, as the mean effective principal stress p0 increases,
Zpeak–Zcr approaches 0. The drained shear strength demon-
strated by the dilatancy of granulated coal ash decreases
due to particle crushing associated with stress increase. The
corresponding value when Zpeak–Zcr becomes 0 is p0cr. The1010.1
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Fig. 17. Determination of p0cr from triaxial test (adopted from Gutierrez,
2003).value of p0cr for each type of granulated coal ash was
determined based on each individual experimental result:
the ﬁndings are summarised in Table 4. From the table, p0cr
does not depend on the relative density and indicates
almost the same value. The value for G.C.A. D is the
smallest, while that for G.C.A. C is the largest. Fig. 19
shows the relation between (Zpeak–Zcr)/Dr and p0cr/p0
(at peak). Although the data points are scattered, the
relation can be approximated by a straight line. Thus, it is
understood that the type of granulated coal ash does not
affect the result when using the stress at the critical state p0cr.Evaluation of shear strength based on single particle strength
The shear behaviour of granulated coal ash can be
explained as follows. The stress ratio at the critical state for
each type of granulated coal ash indicates a constant value,
which is unrelated to the particle crushing. The conﬁning
pressure inﬂuences the stress ratio at the peak state. This
result is similar to the results of previous studies on the
particle crushing of sand. When the results are presented
using the stress at the critical state, it is clear that a good
correlation between (Zpeak–Zres)/Dr and p0cr/p0 exists. To
examine the stress at the critical state, the relationship
between p0cr and sfm is presented in Fig. 20. Although the
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between the two parameters. The relation between (Zpeak–
Zres)/Dr and sfm/p0 is shown using this unique relation in
Fig. 21, which indicates a good correlation. Fig. 22 shows
the relation between (f0peak–f0res)/Dr and sfm/sc0. This was
obtained from the previous ﬁgure where the stress ratio on
the vertical axis is replaced by the secant angle, and
the mean effective principal stress at the peak on the
horizontal axis is replaced by the conﬁning pressure at the
end of consolidation. Thus, even if the axes are changed, a
good correlation is still obtained.
From this relation and following the formulation of
Vesic and Clough (1968) and Gutierrez (2003), the follow-
ing expression is obtained when solving for f0peak:
f
0
peak ¼ f
0
crþC00Dr ln
sfm
s0c
 
ð8Þ
where C00 is a material parameter.Fig. 23 shows a chart for predicting the shear strength of
granulated coal ash. From Eq. (8), the crushing strength
can be a useful parameter in evaluating the shear char-
acteristics of granulated coal ash. Unlike sands, which are
naturally formed, granulated coal ash is artiﬁcial. There-
fore, it is possible to set an average density (Dr) for
granulated coal ash from knowing the amount to be used
and the expected conﬁning pressure (sc0) to which it would
be subjected at a target depth. In other words, it is
assumed that conﬁning pressure sc0 and the relative density
Dr in Eq. (8) are known. Thus, if the material parameter
C00 is determined, the only unknown parameter in Eq. (8)
would be the secant angle at the critical state f0cr and the
single particle crushing strength sfm. Because single particle
crushing strength can be examined as part of the quality
control, this value can be known too. Therefore, if triaxial
compression tests are carried out, and the secant angle at
Fig. 23. Chart to predict the shear strength of granulated coal ash.
N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334 333critical state is obtained, the secant angle at the peak can be
determined. Thus, the shear strength required in the design
is easily obtained. Alternatively, the single particle crushing
strength of granulated coal ash for a given required shear
strength can be determined and the particles manufactured
with the requisite single particle crushing strength.
Conclusions
The purpose of this study is to ﬁnd ways to promote the
effective use of coal ash as a geomaterial. The possibility of
using coal ash was examined, focusing on granulated coal
ash produced by mixing coal ash with cement and water.
Since granulated coal ash is a new material for use as
geomaterial and its particles are produced artiﬁcially, it is
necessary to understand the characteristics of the particles
and their mechanical properties when used as an aggregate.
The following conclusions were obtained from this study.
Particle characteristics1. The aspect ratio Ar of the granulated coal ash was lower and
roundness coefﬁcient Rc was higher than those of natural
sands. In other words, the particles of granulated coal ash
were more spherical than those of natural sands but their
surfaces were rougher. The void ratio of granulated coal ash
was high because the particles contain intra-granular voids
leading to a larger roundness coefﬁcient of Rc.2. It was clear that the single particle crushing strength of
granulated coal ash was lower than that of natural
sands. However, its strength increased with curing time.
It was found that single particle crushing strength of
granulated coal ash did not depend on particle size.One-dimensional compression characteristics3. Compared to natural sands, granulated coal ash had
lower yield stress and higher compressibility. It was
compressed signiﬁcantly in the low stress region because
of its low particle strength.4. Granulated coal ash particles were crushed after col-
lapse, which started at low stress region, suggesting that
its high compressibility was due to crushing and that the
compressive deformation occurred instantaneously, not
slowly as in the case of clay.
Shear characteristics5. The crushing strength affected the shear characteristics,
i.e., as the crushing strength increased, the shear stiff-
ness increased and the compressive volumetric strain
became smaller. Based on research results obtained
previously on particle crushing of the sand, the beha-
viour observed in stress–strain relation, for example,
suggested the effect of particle crushing.6. It was understood that the peak stress ratio decreased
due to increases in the mean effective principal stress.
The residual stress ratio was not affected by the mean
effective principal stress and showed an almost constant
value, which seemed to depend on the type of granu-
lated coal ash.
Evaluations of yield stress and shear strength based on single
particle strength7. A good correlation was found between single particle
crushing strength and yield stress. Accordingly, it was
N. Yoshimoto et al. / Soils and Foundations 52 (2012) 321–334334conﬁrmed that information from a single particle
crushing test could serve as an effective index to
investigate the yield stress of granulated coal ash.8. It was also shown that the particle strength correlated
well with the secant angle f0peak obtained from a shear
test. It is therefore possible to obtain the shear strength
of granulated coal ash from Eq. (8). If granulated coal
ash is to be used as a geomaterial, it will be possible to
know beforehand the density and conﬁning pressure of
the material and it is possible to estimate the required
strength of the granulated coal ash used from the
aforementioned relationship.
Acknowledgements
The authors wish to express their sincere gratitude to Mr.
Toshihiro Ohue and Ms. Emi Fujii, former students of
Yamaguchi University, who conducted a major part of the
experiment; Dr. A.F.L. Hyde, former Professor of Yamagu-
chi University, for his valuable comments on this study. Part
of this study was supported by a fund from Grant-in-Aid for
Young Scientists (B), (no. 19760220), the Ministry of
Education, Culture, Sports, Science and Technology, Japan.
References
Been, K., Jefferies, M.G., 1985. A state parameter for sands. Ge´otechni-
que 35 (2), 99–112.
Bolton, M.D., 1986. The strength and dilatancy of sands. Ge´otechnique
36 (1), 65–78.
Fukumoto, T., Hara, T., 1998. A study on the granule strength distribu-
tion of granular soil. Journal of Geotechnical Engineering, JSCE (596/
III-43), 91–99 (in Japanese).
Gutierrez, M., 2003. Modeling of the steady-state response of granular
soils. Soils and Foundations 43 (5), 93–105.
Hagerty, M.M., Hite, D.R., Ullrich, C.R., Hagerty, D.J., 1993. One-
dimensional high pressure compression of granular media. Journal of
Geotechnical Engineering, ASCE 119 (1), 1–18.
Horiuchi, S., Taketuka, M., Odawara, T., Kawasaki, H., 1992. Fly-Ash
Slurry Island: I theoretical & experimental investigations. Journal of
Materials in Civil Engineering, ASCE, 117–133.
Horiuchi, S., Tamaoki, K., Yasuhara, K., 1995. Coal ash slurry for
effective underwater disposal. Soils and Foundations 35 (1), 1–10.
Kato, Y., Nakata, Y., Hyodo, M., Murata, H., 2001a. One dimensional
compression properties of crushable soils related to particle character-
istics. Geotechnical Engineering, SEC on SMGE 1, 527–532.Kato, Y., Nakata, Y., Hyodo, M., Murata, H., 2001b. Geomaterial single
particle crushing characteristics. Journal of Geotechnical Engineering,
JSCE (673/III-54), 189–194 (in Japanese).
Kato, Y., Nakata, Y., Hyodo, M., Murata, H., 2002. Grains character-
istics and one-dimensional compression properties of crushable soils.
Journal of Geotechnical Engineering, JSCE (701/III-58), 343–355
(in Japanese).
Kawasaki, H., Horiuchi, S., Akatsuka, M., Sano, S., 1992. Fly-Ash Slurry
Island: II construction in Hakucho Ohashi Bridge Project. Journal of
Materials in Civil Engineering, ASCE, 134–152.
Lee, K.H., Seed, H.B., 1967. Drained strength characteristics of sands.
Journal of the Soil Mechanics and Foundations Division, ASCE 93
(SM6), 117–141.
Nakata, Y., Hyde, A.F.L., Hyodo, M., Murata, H., 1999. A probabilistic
approach to sand particle crushing in the triaxial test. Ge´otechnique
49 (5), 567–583.
Nakata, Y., Hyodo, M., Kato, Y., Murata, H., 2000. Mechanical properties
of crushable soil. Tsuchi-to-Kiso 48 (10), 31–34 (in Japanese).
Nakata, Y., Kato, Y., Hyodo, M., Hyde, A.F.L., Murata, H., 2001. One
dimensional compression behaviour of uniformly graded sand related
to single particle crushing strength. Soils and Foundations 41 (2),
39–51.
Pestana, J.M., Whittle, A.J., 1995. Compression model of cohesionless
soils. Ge´otechnique 45 (4), 611–631.
Sawa, K., Tomohisa, S., Maruyama, S., Ogawa, A., 2002. Strength
characteristics of cement-treated sludge mixed with coal ﬂy ash.
Journal of the Society of Materials Science 51 (1), 30–35 (in Japanese).
Terzaghi, K., Peck, R.B., 1948. Soil Mechanics in Engineering Practice.
John Wiley & Sons, Inc., New York, NY (pp. 65–67).
Vesic, A., Clough, G.W., 1968. Behavior of granular materials under high
stresses. Journal of the Soil Mechanics and Foundations Division,
ASCE 94 (SM3), 661–688.
Yoshimoto, N., Hyodo, M., Nakata, Y., Murata, H., Hongo, T., Ohnaka, A.,
2005. Particle characteristics of granulated coal ash as geomaterial. Journal
of the Society of Materials Science 54 (11), 1111–1116 (in Japanese).
Yoshimoto, N., Hyodo, M., Nakata, Y., Murata, H., Hongo, T., Ohnaka,
A., 2006a. Liquefaction resistance of granulated coal ash. Journal of
Geotechnical Engineering, JSCE 62 (1), 246–257 (in Japanese).
Yoshimoto, N., Hyodo, M., Nakata, Y., Orense, R.P., Murata, H.,
2006b. Cyclic shear strength characteristics of granulated coal ash.
Soil and Rock Behavior and Modeling, 474–481 (Proceedings of
Sessions of Geoshanghai, Geotechnical Special Publication no. 150
ASCE).
Yoshimoto, N., Hyodo, M., Nakata, Y., Orense, R.P., 2007. An
examination of the utilization of granulated coal ash as geomaterial
based on particle strength. Tsuchi-to-Kiso 55 (10), 23–25 (in Japanese).
Yoshimoto, N., Hyodo, M., Nakata, Y., Murata, H., Nishizono, T.,
Hongo, T., Ohnaka, A., Saiai, K., 2008. Cyclic shear characteristics of
soil mixed with granulated coal ash. Journal of the Society of
Materials Science 57 (1), 71–76 (in Japanese).
Yoshimura, Y., Ogawa, S., 1993. A simple quantiﬁcation method of grain
shape of granular materials. Journal of Geotechnical Engineering,
JSCE (463/III-22), 95–103 (in Japanese).
